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Abstract

The aim of the paper is to expose a general form of modeling repairable system
reliability. It is a bathtub form presented as a superposition of two Non-Homogeneous
Poisson Processes (NHPP) and Homogeneous Poisson one (HPP). Moreover, the
particularity of this model allows taking account of system state improvement in time
course. The estimation of its parameters is considered through Maximum Likelihood
(ML) and Expectation-Maximization (EM) algorithm. Decision tests are revealed to
choose between a HPP and our model. Field failures data from an industrial setting
are used to fit the model. In order to specify asymptotic properties, a Monte-Carlo
simulation is employed, allowing to compare the estimate of our model by ML and
EM algorithm. In this procedure, we are going to discuss two various cases of

degradation.
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1 Introduction

Industrial world, that was made a long time, before do not cease to gain reliability
and efficiency of their systems. The major stakes that can be placed in certainty are
mainly safety, availability, costs and especially these of maintenance and lifetime. Near
the industrial companies, we can recapitulate these stakes by the competitiveness and
the safety which became a temptation responsible for the management of maintenance
and for to improving the reliability objectives. It is in this direction that the methods
of maintenance optimization by reliability (MOR) were developed, which optimize the
maintenance programs on basis of the system functional analysis and the experience
returns: the best maintenance adapted to the good site. Random models and statistical
methods are used more and more to evaluate the industrial performance system in term

of reliability.

However, separately the experience returns, when a maintenance program is chosen,

we do not know its efficiency and its impact on the system operation. The objective is



thus to model the system lifespan and to quantify its degradation state or its failure,
to appreciate the impact of a maintenance action on system behavior, and to find the
actions in order to differ or to eliminate degradation, starting from the knowledge of
events observation. In fact, the significant sorrow remains: at rest, there are the risks
that can blame reliability, availability or the system safety. Particularly, a very significant
characteristic to consider is the evaluation of the system failure intensity, and primarily
the discovery at the appropriate time of its degradation. Moreover, to optimize the
maintenance programs respecting the availability and to reduce the maintenance costs
using the Maintenance Optimization by Reliability (MOR), as it was the case in Jiang-
Ji-Xiao [11]. More clearly, it is a question on the one hand of building stochastic models
of failures process and repairs of various systems, and on the other hand, of implementing
the statistical methods to exploit the failures and maintenances data raised by experts

with an aim to evaluate the performance of these systems.

Degradation concepts were often used to characterize the lifetime of systems, and
to apply them to the maintenance action durations. In literature, several modelings of
this appearance, the most known of which are the exponential law and its two principal
alternatives; the Weibull model and the Gamma law, evoked by Ascher [1]|, Friedman-
Gertsbakh [7]. In industrial context, the authors distinguished two fundamental types
from data which is dependent in fact on two classes of systems; reparable and non-
reparable ones. They presented subordinated probabilistic models, in particular the ex-
ponential law and the Homogeneous Poisson Processes (HPP), characterizing an absence
of degradation, and which constitutes the base of reliability and maintenance modeling
(see e.g, Ascher-Feingold [2], Cohen-Sacrowitz [5]).

From a more realistic point of view, and in order to appear the instant when the
system degradation begins, two models were proposed: a simplest by Raftery-Ackman
[16], who breaks up the failure rate on two levels; initially, it is equal to A; up to one
instant 7p, then it changes level beyond g to fix itself at a height As. The other, it was
developed by Zacks [19], to study a formulation for which the failure rate is constant at
the beginning then increases according to particular form as from the instant 79. A more
general formulation than the two last allowed models is the one interesting interpretation,
evoked by Bertholon-Celeux [3]. So that he is able to study the degradation instant of
a non-reparable system. It’s lifespan which is modeled by means of a law which failure
rate is selected in the following way; it is constant up to one instant 7y, which translates
the absence of degradation until this date, then it increases according to general form of
Weibull, translating therefore a state of degradation (Jiang-Ji-Xiao [9], Jiang-Murthy-Ji
[10)).

By the same principle which is seen to specify the behavior change (i.e. appearance of

degradation) of reparable system, Bertholon-Celeux [3] has a great contribution to model



the process of successive failures using Non Homogeneous Poisson Processes (NHPP)
which intensity is A(¢), having the same appearance as the failure rate for non-reparable
system. The deferring Poisson process is thus a superposition of two processes: an HPP
characterizing constant failure intensity equal to n%’ and a NHPP specifying the Weibull
intensity, which starts from that ~y. In this case, the failure number until the instant
t is distributed according to Poisson law with A(t) = fg A(u)du parameter. The Power
law Process (PLP) proposed in Gianpaolo [8] as a special form of NHPPs, which is com-
monly used in the practical reliability analysis of complex repairable system. Lately the
generalized exponential (GE) distribution, as a particular case of NHPPs was introduced
in Rameshwar-Debasis [17] as much as an alternative to the Weibull law. The purpose
of this article is to formulate a model, more general, more realistic, and aiming at the

behavior evolution of reparable system during all its life.

2 Modeling of the system degradation

We move in this section about the failure intensity in bathtub form to formulating
pace of such intensity on the three phases of the system life (see Mi [14]). Two forms
are distinguished one from the other by a small change over the service life period. For
the first form, as it indicates the hereafter figure, the failures process is modeled by
superposition of three Poisson processes; the first and the third non-homogeneous and

the second is homogeneous, of which the intensity is selected in following way :

It decline up to one instant noted by g, according to the function of the form

7710 + % (tﬁ =1 'yg 1_1>, translating the system improvement state in time course. After
T

that, it’s constant on a level 77% (there will not be an advance of system degradation in this

phase) up to an instant 7; which beyond the intensity increases in accordance with the

B2—1
form function nio + % (%) , discovering a degradation case. This idea is originally
proposed by Mudholkar-Srivastava [15] in the context of non-reparable system and in the

context of complex system by Xie-Tang-Goh [18].

It to be proved that this degradation modeling comprises two terms (seconds in the
two expressions of phase I and II) that one finds in Weibull process, the first for a
shape parameter 3y < 1 and the second for one 32 > 1. Thus, the failure intensity is

defined as the sum of three functions: a first is constant and equal to 77%’ the second is

equal to %11 (tﬁl_l — 75171> until the instant g, afterwards it’s canceled, and the third
1

n

72
admitting the assumption of perfect corrective maintenance (discover Lefebvre [12]), by

B2—1
function is null until the instant +; later equalizes to % (ﬂ> . It’s proceeded by

the principle of competing risk already stated in Bertholon-Bousquet-Celeux [4] like an



Figure 1: Graphic Modeling

alternative against Weibull law, the waiting duration of next failure can be written by

the form X = min (Y, Z, W), where:

e YV arandom variable, independent of Z and W, of Weibull law having as form the

first expression, with a shift parameter equal to zero.

e Z arandom variable, independent of ) and W, of exponential law with parameter

7o, which corresponds to constant failure intensity equalizes to nio

e W a random variable of Weibull law having a shift parameter equal to ~;.

Our proposal, with the help of system behavior modeling, characterizes the failures

process by intensity which is written as follows:

L4k (tﬁlfl _%ﬁl—l) if 0< t<7
1

7o
At) =19 55 if yo<t<m (1)
B2—1
1 4 B (t=m :
no+n2<nz) it t>m

Knowing this intensity, we can withdraw implicitly the system reliability, thanks to

R(t) = exp {— /0 t)\(u)du} 2)

the following relation:



3 Parameters estimation of the model

3.1 Writing of likelithood function

The likelihood of data coming from a Poisson process, with general intensity A(t), is

a function of seven parameters vo, v1, M0, 71,72, 01, B2, and which is written as follows:

LO;t1,...,ty) = [H)\“] exp {_Z /ti )\sds} (3)
i=1 i=1 7 ti-1

In this case, intensity has not the same form front g, between g and ~;, and af-
terwards ;. It’s in this direction that requires distinguishing the ~y and ~; positions,
in relation to n failure instants. With the aim of simplifying calculation, vy and v will
be often fixed in two failure instants ¢; and ¢; to hold in check t; < t;, particularly in
degradation test treatment. For general case, where vy and v, are unspecified, that gives
% possible likelihood forms, denoted £; ; when one ¢ observed failures front 79 and
j failures between 7y and ~;. The likelihood function is developed in the same way by

Bertholon-Bousquet-Celeux [4] is of the form:

o= [ (B (=) )] < ()
[ (e (52)") ] e () () 0

s\ e
withl1<i<n
i+1<j<n

3.2 Property of maximum likelihood estimators (MLE)
Being fixed the instants vy and 7; conditionally with failures data, the estimate
program can be formulated thus as fallowing:

max (max (L ( 7o, M1, 1m2, B1, B2)))
Y0, M

The problem to pose is that likelihood is not limited. We can show the existence of
a path in the parameters space which brings to infinitely increasing likelihood, when the

shape parameters 31 and (o themselves tend towards infinite one.
Demonstration (in appendix)

With the kept of preceding result, we arrive to distinguish ; and (o as two fixed
and known parameters (for example 51 = %, B2 = 2), to be able to use the maximum
likelihood procedure. Obviously, after testing the degradation existence unless he has
sufficient information on system is allowed to know the dynamics of his degradation and

to fix the two shape parameters.



3.3 The use of EM algorithm

The application of EM algorithm, proposed by Dempster-Laird-Rubin [6], in our
model is on the one hand to discover an approximation of MLE in the case when ~y and
71 are fixed in observed failure values, ¢(;. On the other hand, we calculate, after that the
likelihood obtained in each case corresponding to different (v, y1) couples. Subsequently,
we select the (79,71) case which leads to the greatest likelihood, the parameters values is
obtained like the estimate of parameters true values. If the observations number is small,
so much it is better to fix 79 and ~jelsewhere than in two observed failure values which

are not sufficiently numerous.

4 Homogeneity test of failures process

We try in this paragraph to formalize procedure allowing to decide if the failures
process is homogeneous or not. More precisely, in our context we prospect to know if
there is one 7y to yyperiod during which failures are purely accidental, and they trickle
from the mechanism which integrates degradation elsewhere this period. The assumption

test is thus defined as follows:
Hy : the process is homogeneous Poisson

H7 : the process is managed by our model

A non-informative bayesian approach presentation of the test, such often the case in
industrial field where the data are very few and much censured. It is a question within
Hy: pr=p=1
Hy: 1 # 1 and/or By # 1

That study shows than the calculation of the bayesian factor By _p is complicated

this framework to testing:

and difficult to interpret, because Biand (o parameters have an improper probabilistic
laws. But this factor depends primarily on ratio made up of likelihoods integrated into

Ly (b1,82)
L

n, of what sort : , as in Martz-Waller [13]. The components of this ratio re-

spectively represent relative likelihoods to Weibull process and HPP. In practice, for any

%ﬁl’ﬂ?) holds an unimodal form. It is equal to 1 in a first point

sample 7, the function
(B1,B2) = (1,1), and in a second (39, 39). Geometrically and in space, the sample leading
to rejection of the HPP is that for which volume (since to matter of double integrals)
integrated in the square ([1, ﬁ?] X [1, ﬂg]) and represent more than (100 — «) confidence

of total volume. This volume is commented indeed like bayesian factor Byg_g.

Consequently, it appears interesting to clear up a decision rule directly starting from

the ratio %ﬁlm) According to this decision rule, a sample involves rejection of HPP
when: ’
Pr<NHéﬁl’ﬁz)>1/T> > (100 - a) (5)
H



To define a critical region for our modeling, we first of all cover the discussion on
data likelihood already stated by the equation (4). For this fact, we fix the parameters
£1 and (B2 without having infinite likelihood, and considering that the instants vg and
71 coincide with two instants of observed value properly by ¢(;) and t(;. Obviously, the
case 79 = 0 and v = ¢, corresponding to the HPP implies:

whence, we draw from it the following relation:

i » B
Rotmn = [ (34 (87 - ))]
1

k=1

ety P2 (7)
LI (e (5™ [ 05

z=j+1

representing the likelihoods ratio : g{;—i
The critical region making it possible to answer the above-mentioned assumption
test of which decision variable equalizes with maxR; (1o, 71,72) (see for example Kass-

Raftery [11]), and it is defined in the following way:

W= {max RZJ (7707 m, 772) > IC} (8)

The maximum is taken for ¢ varying from 1 to n, and j varying from ¢ 4+ 1 to n,
since we seek to compare L£;; (for ¢ = 1,...,n, and j = i+ 1,...,n) with Ly, which
agrees on absence of improvement and degradation of system. A strong value of decision
variable (rigorously higher than K) thus plays in favor the alternative assumption. To
carry out this test we could check the principal property of independence between the
decision variable law and the parameter 79 under the homogeneity assumption. In fact,
we distinguish two cases one from the other according to check whether 79 is known or

not.

5 Numerical experiments

5.1 Application to real data

In a general gait, we initially propose to test the homogeneity of failures process
while supposing 7y as unknown, on basis of failure observed for reparable system. If the
test makes allows showing existence from improvement and degradation, then we estimate

the model parameters vg, V1, M0, M1,M2, B1, B2, by means of EM algorithm. The direct



maximum likelihood method is used when one has sufficient information about system

allowing to know its improvement and degradation characters in outline to fix 51 and Js.

Whereas in the inexistence case of statistically significant improvement and degrada-
tion, the suitable model is the HPP. The inspection period is a phase of service life; the

system is thus not detected by significant improvement and degradation.

The real data analysis is object to real example concerning reparable system (hydraulic
pump) about nuclear sector of France which was used in Bertholon-Celeux [3]. The
studied system retains a hydraulic pump on which we have the observation of 6 successive
failures (18 months, 30, 82, 113, 121, 126).

The homogeneity test is first of all carried out, resulting that the decision variables
equal to 1.766 and the critical probability associated, evaluated by achievements simula-
tion of HPP, and takes the 25.13 value. The homogeneity assumption is then rejected.
This decision is ensured with Kolmogorov-Smirnov test by critical probability evaluated
to 0.63 (KSSTAT = 0.667). The alternative assumption is allowed and the failures

process is governed by our model as the figure shows it hereafter.
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Figure 2: Empirical Cumulative Distribution Function

The estimate of model parameters using the EM algorithm gives the following results

- o and -, respective instants of improvement end and degradation beginning are
estimated to 26.685 and 101.412.

- The reverse of accidental failure rate 79 is estimated by 7y = 43.855.



- The scale parameters 7; and 72 are estimated respectively by 71 = 4.409 and
Mo = 4.361.

- The shape parameters 5 and (s are estimated respectively by Bl = 1.098 and
2 = 3.000.

5.2 Simulation phase

In order to obtain concrete numerical results a Monte-Carlo simulation is employed,
allowing to compare the estimate of our model by direct maximum likelihood (MLE) and

by EM algorithm. We present two different cases:

- A first case retains 100 simulations of 50 size sample of our model with parameters
o = ]-7 m = 17 /81 = 057 2 = 17/82 = 27/70 = 307 Y1 = 100.

- A second case retains 100 simulations of 50 size sample of our model with the same

parameters except for G = 3.

The results are stated in form of mean and a 95% confidence interval. Things would

be clearer studying the following table:

First case (2 = 2) Second case (2 = 3)
Mean ClI Mean ClI
o 1.705 [1.411, 1.998] 1.331 [1.096, 1.565]
in 0.850 [0.659, 1.041] 0.968 [0.810, 1.127]
MLE o 0.880 [0.656, 1.104] 1.117 0.935, 1.299]

Yo 30.454 [25.130, 35.778| 35.085 [49.625, 60.546]
Y 104.723 | [99.153, 110.293] | 109.695 | [104.528, 114.863]

flo 1.881 [1.527, 2.234] 1.156 0.985, 1.326]
M 0.801 0.592, 1.008] 0.999 0.875, 1.123)
el 0.345 [0.184, 0.506] 0.454 [0.411, 0.496]
EM Mo 0.799 0.559, 1.038] 1.094 0.959, 1.230]
3o 1.776 [1.464, 2.089) 2.783 2.602, 2.963

Yo 31.645 [27.091, 36.198] 32.560 [27.493, 37.627]
M 105.639 | [100.028, 111.250] | 109.229 | [104.459, 113.998|

5.3 Discussion

Ultimately, subsequent the results of preceding tests, the failures process is a NHPP.
The empirical cumulative distribution function of real data is evolved in the same direction

as the simulated one. This process is then managed by our reliability model.



Hence, the effects of estimate go in front that there is improvement of system until
the second failure (during 2.2 years of operation) and degradation starts from the fourth
failure (beyond 8.5 years of operation). Considering the same unit of data over the
improvement period and that of degradation, the scale parameters n; and 72 over these
two periods do not have a significant difference. This can be easily to ensure with skew

of an averages difference traditional test.

The estimate value of G5 is higher than 2, the failure intensity is increasing and convex
announcing a marginal increase in degradation state. At the same time, (; takes an
estimate value very near to 1 by saying that the intensity is practically constant. Thus,
the failures are rather accidental and cannot be due to youth diseases. This purified
model of improvement period, which is presented in Bertholon-Celeux [3] and Bertholon-

Bousquet-Celeux [4], remains able alone to concretize the hydraulic pump behavior.
In light of simulations, we state the following criticisms :

- The 75 (j = 0,1 ou 2) have the best behavior to one side for the first case where 7
appears to degrade.

- The 4; (j = 0 ou 1) are all acceptable.
- The variability of Bj (j = 1 ou 2) is significant enough.

- In the aggregate, the EM procedures offer better estimators for the second case. The
values of (o are rather higher than 2, then the curve is convex over the degradation

period as it is presented by our model.

Nevertheless, a possible disadvantage of our model is that it implies seven parameters.
In fact, it can be difficult to estimate these parameters for small-sized and/or censured

samples. For this reason even, the MLE appear more reliable for industrial applications.
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Appendix

The instants vg and 7; are two fixed unspecified positive reals, but not necessarily in

two respective instants ¢; and ¢;. The likelihood of the data can be written as :

o e[ (o ) )] 2 < ()

z=7+1

where ¢ and j represent the observations number of samples which are located respec-

tively before the instant -y and between =y and ;.

Thus we get the following log-likelihood function :

‘ Br—1 Bi—1
e[y 1 -57))

n Ba—1 B1 B2
Mo (lz=m1 _ (2 _ 1y _ [(ta=m
z:%;Hln <1+ﬁ2772 ( 2 ) )] <?71) Uot” ( n2 )

Let us fix in 7y which can take an unspecified value, and we define the estimates of

+

71 and 79 parameters such as :
m =t; and 7y =ty — 1.

At the pOint ( 705 ﬁlv ﬁ27 /Bla ﬁ2) ; We obtain :

InL=—-nlnny +In (1 + ﬁl% (tfl_l — 751_1)>
it

_ B2—1 51
Hn(%gg(tnﬁ;l) )—(gg) TR

However, it proved implicitly as though :

pr1—1
1+ 17777701 (tfl_l—'ygl_l):l—l-& [Z?—Z?(l?) ] — —oo when f — +00
1

P2—1
in the same way 1+ ﬁ?% (%) =1+ tnT}’Yl — 400 when (5 — +o0.

In £ is consequently infinite at the time or instant when 3; — 400 and/or s — +00.
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