Factor Analysis (FA) as ranking and an Efficient Data Reducing
approach for decision making units

Reza Nadimi', Hamed Shakouri G. *, Reza Omidi*

"Department of Industrial Engineering, Faculty of Engineering, University of Tehran, Tehran, Iran.
“Department of Social Policy, Faculty of Social Science, University of Tehran, Tehran, Iran.
Corresponding author: h.shakouri@gmail.com

- This article compares two techniques: Data
Envelopment Analysis (DEA) and Factor Analysis (FA)
to aggregate multiple inputs and outputs in the
evaluation of decision making units (DMU). Data
envelopment analysis (DEA), a popular linear
programming technique, is useful to rate comparatively
operational efficiency of DMUs based on their
deterministic or stochastic input—output data. Factor
analysis techniques, such as Principal Components
Analysis, have been proposed as data reduction and
classification technique, which can be applied to
evaluate of decision making units (DMUs). FA, as a
multivariate statistical method, combines new multiple
measures defined by inputs/outputs. Nonparametric
statistical tests are employed to validate the consistency
between the ranking obtained from DEA and FA. Also,
the results have been compared with PCA approach.
Results of numerical reveal that new approach shows a
consistency in ranking with DEA.

Decision Making; Data Envelopment Analysis;
Factor Analysis, Principal Component Analysis.

I-  Introduction

This article proposes a Factor Analysis (FA) approach to
evaluate of decision making units (DMUs). In this method,
FA is used as a new approach to ranking of decision making
units and data reduction. Moreover, correlation between
rankings obtained by FA and DEA techniques is much
higher than what is gained from the PCA&DEA method,
which is introduce by Zhu [2].

The rest of this article is organized as follows. In Section 2,
a brief description of the DEA models used for ranking of
DMUs is presented. Section 3 gives the fundamental of FA
technique. The FA approach is developed in Section 4.
Numerical comparison of the proposed FA method versus
DEA and PCA procedures is presented in Section 5, using
several benchmark data to evaluate consistency of each
method. Finally, Section 6 concludes this research.

II- Data Envelopment Analysis

Data envelopment analysis (DEA), is analytical tool which
first introduced by Charnes et al.[l], in 1978. It is the
performance measurement technique that applies to
evaluation the relative efficiency of decision-making units
(DMU's) in organization such as banks, dental services,
police, motor registries, hospitals etc.

Various models, used for ranking of DMUs, such as CCR
[1], BCC [3] and ADD [4] are applied. The standard DEA
method assigns an efficiency score less than one to
inefficient DMUs, from which a ranking can be derived.
However, efficient DMUs all have an efficiency of 1, so
that for these units no ranking can be given. Andersen and
Petersen (AP model) achieve a full ranking by undertaking
a DEA without assessing the DMU itself[5]. In fact, they
proposed the idea of modifying the envelopment LP
formulation so that the corresponding column of the DMU
being scored is removed from the coefficients matrix. Thus
we use the AP-model as a basis to rank the relative
efficiency of DMUs with unit efficiency, in order to
compare validity of other assessment techniques in this
paper. AP-model, (1), can be written as follows:

subject to
X X
: (1.
1
1
The program depends on evaluating the ™ unit; where
=1 2 ],and

= » ,], denote the nonnegative vector of input

and output values for DMU respectively. Hence, each

lies between 0 and +oo. Also, In model (1), is the

However, the super-efficient methodology can give
“specialized” DMUs an excessively high ranking.




Consequently, in this paper we apply the
(FA) to reduce data; indeed, we use this method to evaluate
and rank DMUs while minimizing loss of the information.

III- Factor Analysis (FA)

Factor Analysis is a statistical method that is based on the
correlation analysis of multi-variables. The main
applications of factor analytic techniques are: (1) to reduce
the number of variables and (2) to detect structure in the
relationships between variables, in order to classify
variables. Therefore, factor analysis is applied as a data
reduction or structure detection method.
It can be used as a method to data reduction. R. Nadimi, F.
Jolai[12] applied combination of factor analysis and data
envelopment analysis to data reduction in decision making
units. They used factor analysis as a method to lessen the
number of data. In follow, data envelopment analysis was
used with combination of factor analysis to data ranking.
But in this paper factor analysis only is used as a new
method in ranking of data.
There are two major types of FA: and
In exploratory FA, one seeks to describe and
summarize data by grouping together variables that are
correlated. The variables themselves may or may not have
been chosen with potential underlying processes in mind.
Exploratory FA is usually performed in the early stages of
research, when it provides a tool for consolidating variables
and for generating hypotheses about underlying processes.
Confirmatory FA is a much more sophisticated technique
used in the advanced stages of the research process to test a
theory about latent processes. Variables are carefully and
specifically chosen to reveal underlying processes [6].
To explain the method, a few terms are defined. The first
terms involve correlation matrices. The correlation matrix
produced by the observed variables is called the P
The correlation matrix produced from
factors is called the "o The
difference between observed and reproduced correlation
matrices is called “# In a good
FA, correlations in the residual matrix are small, indicating
a close fit between the observed and reproduced matrices
[6]. Then, factors are formed by grouping the variables that
have higher correlation with each other.
Let (g be a random vector with a mean of and a
covariance matrix named (g, where " specifies
efficiency or an overall performance index of the ™ DMU.
Then a
-factor model holds for , if it can be written in the
following form:
= + + 2),
where (¢ )is a matrix of constants and ( .y and ( ) are
random vectors. The elements of are called common

factors and the elements of are or # UY# factors.
In this study we shall suppose that:

& )=0," 1( )=

& )=0," 1(##)=0; # (3).
"I )=0

Thus, if (2) holds, the covariance matrix of
into two parts, as follows:

can be split

- T (),
where T is called the # and represents the
variance of % which is shared with the other variables via

the common factors and " I( ) is called the or
# W# ) and is due to the unique factors . This
matrix explains the variability in each % that is not shared
with the other variables. The main goal of FA is to apply
instead of for assessing DMUs. To do this, mainly there
are three main stages in a typical FA technique [7]:

1. Initial solution: Variables, as indexes of DMU
performance measures, are selected and an inter-correlation
matrix is generated. An inter-correlation matrix is a $
array of the correlation coefficients of variables with each
other. Usually, each variable is standardized by a certain
formula, e.g. to have a mean of 0.0 and a standard deviation
of 1.0. When the degree of correlation between the variables
is weak, it is not feasible for these variables to have a
common factor, and a correlation between these variables is
not studied. Kaiser—Meyer—Olkin (KMO) and Bartlett’s
tests of sphericity (BTS) are then applied to the studied
variables in order to validate if the remaining variables are
factorable.
2. Extracting the factors: An appropriate number of
components (Factors) are extracted from the inter-
correlation matrix based on the initial solution. Due to the
standardization method, there should be a certain rule to
extract the selected effective factors.
3. Rotating the factors: Sometimes one or more variables
may load about the same on more than one factor, making
the interpretation of the factors ambiguous. Thus, factors are
rotated in order to clarify the relationship between the
variables and the factors. While various methods can be
used for factor rotation, the Varimax method is the most
commonly used one.
Let’s summarize and formulize the above steps as follows.
In this study, we skip the rotation step.
First, the correlation matrix, namely , is computed on the
basis of data due to the standardized variables, " :

=" ()= (%),
where, isan $ matrix of variables for DMU’s.
This matrix can be decomposed to a product of three
matrices:

( ! (6),
where, is the $ matrix of eigenvectors and

=) (*, ..., *]) is a diagonal matrix of the
eigenvalues, assorted descendingly.



At the second step, different criteria may be applied to
extract the most important factors. Since sum of the first

eigenvalues divided by the sum of all the eigenvalues,
( 1+ ot )/ ), represents the
«“ ! ” explained by the first

factor components, we select principal components as the
factors, if ( |+ ,*+...+ )/( 1+ ...+ )>90%. Another
criterion is to cut the matrix ~ from a point that the ratio of
* +*_, is maximized. However, eigenvalues are defined as
dominant eigenvalues. The dominant eigenvalues are saved
and the other are skipped. To explain more, suppose and

are decomposed as follows:

., 0
0 2

where | ( % )and ,are diagonal matrixes. Consequently,
the eigenvectors  will be separated into two parts too:

= [ 1> 2 ] (8)5
Similarly, | and , are $ and $( ,) matrices,
respectively. Suppose (6) is rewritten as follows:

N ©).

Then, replacing  with the form given by (7), the first

part 4/ is called the - "

denoted by (g, Equation (9) is frequently called the
fundamental equation for FA. It represents the assertion that
the correlation matrix is a product of the factor loading

(D,

matrix and

matrix, , and its transpose [6]. It can be shown that an
estimate of the unique or specific variance matrix, , in (4)
is:

= - 7 (10),

where ( g is the identity matrix.

So far our study of the factor model has been concerned
with the way in which the observed variables are functions
of the (unknown) factors, . Instead, factor scores can be
estimated by the following pseudo-inverse method:

T ( T -1 )-1 T -1 (1 1)’
= (12),
where isa $ matrix, each row of which corresponds to

a DMU. The estimate in (12) is known as Bartlett’s factor
score, and  is called the coefficient matrix.
In this paper, we use the FA technique to evaluate DMUs by
reducing inputs and outputs whilst minimizing the loss of
information. This will be introduced in the next section.

IV- New approach: FA method

In here, ratios of individual output to individual input is
used to describe of proposed approach.  Thus this
proportion is applied to evaluate and rank DMUs according
to their performances which are given as follows:

" /=Ll o=l (13),

=1,...,

for each DMU. Where the " gives the ratio between

every output and every input. Obviously, the bigger the "' |

the better the performance of DMU in terms of the ™

output and the ™ input [8].
Now let "

and =2 corresponds to =1, =2, etc., where =l1,.. ;

= $ ; for example: " / / .....

We need to find some weights that combine those
for DMU. Consider the following

, with, e.g. =1 corresponds to =1, =1

individual ratios of "

$ ' data matrix, composed by " ’s: =[ ..., ] s,
where each row represents ' individual ratios of " for
each DMU and each column represents a specific

nl "

output/input ratio, i.e. . In a modified

approach, proposed by Premachandra [9], ' is re-defined
as an augmented matrix, the ending column of which is
equivalent to the sum of the elements in the first ' columns
of the original matrix:

" 1 " 1 (14).
1

The new added variable, is supposed to take into account

the overall performance of each DMU with respect to all the

variables" . As a normalizing skill, each column is then

divided by its least element, thus a new matrix, s
= '/1, is generated which will be processed from now on.
In this paper, the factor analysis is employed to find out new
independent measures which are respectively different
linear combinations of 1, ..., . In fact, we apply the
estimation given by (12) to obtain factor scores, thus, the

FA process of is carried out as follows:

Step 1: Calculate the sample correlation matrix, given by
(5), to obtain eigenvalues and eigenvectors (solutions to |
0*1 |=0where1 isa $ identity matrix), as introduced
in (6).

Step 2: Considering *;> *>...> * as the sorted

eigenvalues, compute the following weightings, which
determine share of each factor in the model:
(15).

1
Each weighting actually determines the share of each
eigenvalue out of a whole. This approach uses the same
method of Zhu [3] to obtain sign of the weightings , i.e. if



sum of the corresponding eigenvector elements is positive,
then is considered positive, otherwise it is negative.

Step 3: Apply FA technique on  to obtain ' and then
as defined by (11) and (14).

Step 4: Select the factor components by determination of
the dominant eigenvalues according to one of the criteria
proposed in Section 3.

Step 5: Compute:

(16),

1
where is the ™ column of the matrix in (14) and is the
number of the dominant eigenvalues. The value of gives a

combined measure to evaluate and rank performance of
DMUs.

V- Numerical results

The proposed method is applied to several sets of sample
data, the numerical results of which are illustrated and
compared to other methods in this section.

Examplel: In this example, we apply data set used by
Wong et al. [11], to compare efficiencies of seven
university departments. Three inputs and three outputs are
defined as follows, data of which is listed in Table 1.

: Number of academic staff

: Academic staff salaries

: Support of undergraduate students

: Number of undergraduate students

: Number of postgraduate students

: Number of research papers published

[11]: Data set used by Wong et al.1Table

WO = W =

DMU 1 2 3 1 2 3
dmul 12 400 20 60 35 17
dmu2 19 750 70 139 41 40
dmu3 42 1500 70 225 68 75
dmu4 15 600 100 90 12 17
dmu5 45 2000 250 253 145 130
dmu6 19 730 50 132 45 45
dmu7 41 2350 600 305 159 97

The same procedure of section 4 is followed. The matrix D
is generated by 10 variables extracted out of data in Table 1,
and four dominant eigenvectors are selected. Table 2
illustrates eigen-analysis applied for PCA and FA, and
Table 3 includes the results of ranking.

: Eigen-analysis for FA and PCA 2Table

approaches
Eigen values 4.15 3.09 1.73 0.85
Shares of Eigen | 44 0.31 0.17 -0.08
values ()
Eigen vector 1 ) 3 4
I, -0.08 0.33 0.53 -0.40
!, 0.11 -0.23 0.63 -0.26
!, 0.33 -0.41 0.09 -0.02
L 0.24 0.43 -0.25 -0.28
I 0.39 0.20 -0.29 -0.29
[P 0.38 -0.28 -0.24 -0.23

In this example the correlation between results obtained by
PCA (Zhu) and DEA is 0.321, while correlation between
DEA&PCA (PM) is 0.678. However, the new approach of
FA riches to a higher correlation with the DEA, that is 0.75,
due to the scores given to the dmu5 and dmu6. This
example shows that the FA approach can lead to better
results, in the sense of DEA ranking, compared to the both
PCA approaches proposed by Zhu and Premachandra.

Example 2: As the last case, we compared the PCA (Zhu),
PCA (PM) and FA approaches on the base of the DEA
approach as performed in Kim et al. [10] for 33 telephone
offices in S. Korea ( See Table 4 for more information).
Corresponding correlations which are given in Table 5, are
0.63, 0.75, and 0.77 respectively. While all the methods are
statistically significant at 1% level, the new method based
on FA shows better capability for ranking.

VI- CONCLUSION

The current article presents alternative approach to rank and
evaluate DMUs which have multiple outputs and multiple
inputs. The DEA -non-statistical method— uses linear
programming technique to obtain a ratio between weighted
outputs and weighted inputs. The new approach proposed in
this paper is applied to evaluate efficiencies and rank
DMUs. Factor analysis is a multivariate statistical method
that uses information obtained from eignvalues to reduce
data. Results obtained by numerical experiments employed,
show that there is a high correlation between DEA and FA
methods, even higher than what obtained by the PCA
methods. Thus, we can use FA to evaluate efficiency and
ranking DMUs instead of DEA with significance and
minimum lose of information.




: Efficiencies and rankings obtained by the three methods3Table

oMU DEA PCA(Zhu) PCA(PM) FA(New method)
Score Rank Score Rank Score Rank Score Rank
dmul 1.829615 1 0.51261 2 4.13838 1 2.011187 1
dmu2 1.048895 6 0.288772 4 3.315666 5 1.712316 5
dmu3 1.198308 4 0.011661 5 3.25405 6 1.559566 6
dmu4 0.819737 7 -1.9633 7 1.616393 7 0.895427 7
dmu5 1.219992 3 0.456634 3 3.801057 3 1.943119 2
dmu6 1.190642 5 0.918423 1 3.846452 2 1.917534 3
dmu? 1.266094 2 -0.2248 6 3.47953 4 1.883721 4

(1]

(2]

(4]

(7]
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Table 4: Data for Telephone Office

DMU X X, X3 Y, Y, Y; Y, Ys
dmul 239 7.03 158 47.1 16.67 34 28 2
dmu2 261 3.94 163 37.5 14.11 20 26 3
dmu3 170 2.1 90 20.7 6.8 12.6 19 3
dmu4 290 451 201 41.8 11.07 6.27 23 4
dmu5 200 3.99 140 334 9.81 6.49 30 2
dmu6 283 4.65 214 42.4 11.34 5.16 21 4
dmu? 286 6.54 197 47 14.62 13 9 2
dmu8 375 6.22 314 55.5 16.39 7.31 14 1
dmu9 301 4.82 257 49.2 16.15 6.33 8 3
dmul0 333 6.87 235 47.1 13.86 6.51 6 2
dmull 346 6.46 244 49.4 15.88 8.87 18 2
dmul2 175 2.06 112 20.4 4.95 1.67 32 5
dmul3 217 4.11 131 29.4 11.39 438 33 2
dmul4 441 7.71 214 61.2 25.59 33 16 3
dmul5 204 3.64 163 32.3 9.57 3.65 15 4
dmulé6 216 2.24 154 32.8 11.46 9.02 25 2
dmul? 347 5.65 301 59 17.82 8.19 29 1
dmul8 288 4.66 212 423 14.52 7.33 24 4
dmul9 185 3.37 178 33 9.46 291 7 2
dmu20 242 5.12 270 65.1 24.57 20.7 17 1
dmu21 234 2.52 126 31.6 8.55 7.27 27 2
dmu22 204 4.24 174 32.5 11.15 2.95 22 3
dmu23 356 7.95 299 66 22.25 14.9 13 2
dmu24 292 4.52 236 50 14.77 6.35 12 3
dmu25 141 5.21 63 21.5 9.76 16.3 11 2
dmu26 220 6.09 179 47.9 17.25 22.1 31 2
dmu27 298 3.44 225 42.4 11.14 4.25 4 2
dmu28 261 4.3 213 41.7 11.13 4.68 20 5
dmu29 216 3.86 156 31.6 11.89 10.5 3 3
dmu30 171 2.45 150 24.1 9.08 2.6 10 5
dmu3l 123 1.72 61 12 4.78 2.95 1
dmu32 89 0.88 42 6.4 3.18 1.48 2 5
dmu33 109 1.35 57 10.6 3.43 2 4




: Efficiencies and rankings obtained by the three methodsSTable

oMU DEA PCA(Zhu) PCA(PM) FA(New method)
Score Rank Score Rank Score Rank Score Rank

dmul 1.00000 3 2.11492 1 11.48890 1 0.67729 2
dmu2 1.00000 13 1.34052 7 9.39700 5 0.49045

dmu3 1.00000 11 1.48560 5| 1113670 2 0.75307 1
dmu4 0.86818 20 -0.51486 20 5.25150 17 -0.13271 16
dmu5 0.99367 18 0.49112 10 7.19350 11 0.19885 12
dmu6 0.84137 24 -0.69660 24 | 474490 22 -0.22910 21
dmu7 0.86995 29 -0.45802 18 4.52720 23 -0.27669 25
dmu3 0.72081 33 -1.04620 29 2.99440 31 -0.59070 32
dmu9 0.82025 26 -0.71586 25 3.44640 29 -0.38017 28
dmul0 0.75450 32 -1.33681 32 2.69360 33 -0.62922 33
dmull 0.77697 31 -0.72447 26 4.01270 27 -0.40117 29
dmul2 1.00000 1 0.22024 12 9.27820 6 0.47063 8
dmul3 1.00000 12 0.46137 11 7.01790 13 0.15976 13
dmul4 1.00000 2 0.99676 8 7.62280 10 0.28591 10
dmul5 0.87213 23 -0.62439 21 4.96000 20 -0.16108 19
dmul6é 1.00000 9 1.47139 6 8.31010 8 0.54230 4
dmul? 0.83311 -0.20785 14 4.50530 25 -0.25663 24
dmul3 0.84828 17 -0.18136 13 5.56040 14 -0.08199 14
dmul9 0.79771 30 -0.93114 28 3.23510 30 -0.44558 30
dmu20 1.00000 4 170960 4 7.08100 12 0.33851 9
dmu21 1.00000 16 0.89027 7.86410 9 0.47226

dmu22 0.84563 27 -0.43421 17 5.08270 18 -0.21236 20
dmu23 0.85252 14 -0.28974 15 4.25360 26 -0.29092 26
dmu24 0.89417 21 -0.47861 19 3.96960 28 -0.23178 23
dmu25 1.00000 10 178330 2| 1107270 3 0.67505 3
dmu26 1.00000 8 1.71207 9.54430 4 0.50040 5
dmu27 0.86546 22 -1.07657 30 2.70010 32 -0.48153 31
dmu28 0.88027 6 -0.63001 22 5.04150 19 -0.14681 17
dmu29 0.83361 28 -0.42143 16 4.92900 21 -0.23122 22
dmu30 0.91892 15 -0.63932 23 5.28470 16 -0.11320 15
dmu31 0.77394 25 -0.73120 27 451310 24 -0.35090 27
dmu32 1.00000 5 -1.11510 31 8.52320 7 0.23242 11
dmu33 0.93490 19 -1.42338 33 5.55320 15 -0.15314 18




